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Abstract Exact quantum dynamics calculations have
been performed for the transmission of an H atom across
a carbon nanotube. The time dependent wavepacket
method used is the one coded in the modified version
of our RWAVEPR program. The interaction potential
used is based on a simple, pairwise additive Lennard–
Jones 6–12 atom–atom interaction. S matrix elements
(and, consequently, transmission probabilities) are cal-
culated over a wide range of energies for the first radially
and angularly excited states of the H atom.

1 Introduction

It is well known that, apart from systems comprising
three or four atoms at maximum, the exact quantum
mechanical treatment of a dynamical system is prohibi-
tive at present. This is particularly the case for systems
of interest in biology, such as the passage of ions along
semipermeable membranes, or in engineering, where
semipermeable membranes are substituted by structures
which can be modelled in a simplistic way, such as car-
bon nanotubes [1]. Additionally, carbon nanotubes are
interesting in themselves because of their potential tech-
nological uses, for example to store hydrogen for use in
fuel cells.
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The best way of attacking this problem is, at pres-
ent, through the use of classical mechanics (for example
through a molecular dynamics scheme). The potential
energy for such systems, arising from the electronic mo-
tion, is typically formulated in terms of tentative force
fields [2]. As far as the actual nuclear dynamics is con-
cerned, quantum mechanics enters only (at maximum)
as a perturbation, for example when one wishes to in-
clude specific interference or tunnelling contributions to
the dynamics.

Given the situation as it is, it would be interesting
to confront standard dynamics results using classical
mechanics with quantum mechanical ones. Not only
would the latter ones serve as a benchmark for various
approximate treatments of quantum effects (such as the
tunnelling mentioned above) but one can conceive of
effects such as quasibound states arising from a tempo-
rary trapping of molecules in potential wells, which are
difficult to account for classically.

The problem of hydrogen molecules confined in car-
bon nanotubes has been treated quantum mechanically
by Lu et al. [3,4]. These authors have tackled the prob-
lem of computing bound states of an H2 molecule inside
a C nanotube, treating rigorously all degrees of freedom
of the molecule. Such studies are intimately connected
with the use of C nanotubes as ‘quantum sieves’ to sep-
arate molecules similar in size [5–9].

In this paper, we present a method to tackle mol-
ecules in carbon nanotubes in the continuous (as op-
posed to discrete) energy spectrum. The passage of an H
atom across a carbon nanotube is studied from a purely
quantum mechanical view, utilising a time dependent
wavepacket propagation algorithm. The algorithm is an
adaptation of the RWAVEPR code written by us to study
three-atom chemical reactions [10,11] to the atom-in-
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nanotube problem. The coordinates of the atom are the
only degrees of freedom treated quantum mechanically,
while the nanotube itself is assumed rigid, without
internal vibrations. This paper is a continuation of our
previous work studying the quantum dynamics of an H+
ion passing along a carbon nanotube [12].

2 Theory

The formulation of the problem is in terms of a wave-
packet being propagated in the interior of a rigid cylin-
der and subject to an external potential. Because of the
inherent quasi-cylindrical symmetry of the problem, the
wavefunction is expressed in cylindrical polar coordi-
nates (r, θ , z) where z is the longitudinal distance (along
the nanotube), r is the distance from the axis of the
nanotube and θ is the azimuthal angle ranging from 0
to 2π . In these coordinates, the Hamiltonian for the
system is:

Ĥ = − h̄2
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which can be written in an alternative way, avoiding the
first derivative term:
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and, finally, using the substitution � = r1/2ψ for the
wavefunction, we get the Hamiltonian:
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(Notice that a negative, inverse-square ‘centripetal’
potential has been added as a result of the transfor-
mation).

The potential is a function of the three coordinates
of the atom. In this work, it has been calculated simply
as a sum of Lennard–Jones (6–12) contributions arising
from atom–atom interactions between the H atom and
each of the C atoms of the nanotube within a certain
threshold distance from the atom. The parameters used
for the potential, as well as the grid parameters, are seen
in Table 1. We are fully aware of the fact that such a
treatment of the interactions neglects many important
effects, not least of which is the possibility of a bond
formation between the H atom and the nanotube due
to short range chemical interactions. The purpose of the

Table 1 Grid parameters used in the calculation (distances are in
bohr)

z Number r Number Number
spacing of points (z) spacing of points (r) of angular

points

0.1 216 0.1 72 16

paper, at this stage, is a semi-quantitative assessment
of the quantum and classical effects of the nanotube
potential on the H atom migration. Through such an
assessment, one can more readily gain insight into prob-
lems of a similar nature, such as the migration of atoms
or ions through the cylindrical-like potentials of envi-
ronments such as cellular membranes.

The mean position and energy of the wavepacket,
as well as its angular momentum K around the cen-
tral axis of the nanotube, are initially read from an
input file, and subsequently the wavepacket is set up
on a grid in the three cylidrical polar coordinates. The
grid parameters have been suitably chosen to represent
well the maximum energies and angular momenta of the
wavepacket. The z-part of the wavepacket is normally a
suitable Gaussian, whereas the radial-angular part is a
product of a suitably scaled Bessel function of the r coor-
dinate and an imaginary exponential dependent on the
angle θ .

φ(r, θ , z) ∝ exp
(

− (z − z0)
2

2σ 2

)
× JK(kr)× exp(iKθ)

(4)

In this way, the transverse energy (radial and angular)
is equal to

Er = k2h̄2

2m
(5)

Here k is proportional to a zero of the JK Bessel func-
tion, suitably chosen to give a transverse energy as close
as possible to the one desired. After that, the wavepac-
ket propagates in time, and the expectation value of the
flux operator across two surfaces with constant z is mon-
itored. These two surfaces correspond to the two ends
of the nanotube. Suitable artificial potentials have been
included (an imaginary one near the longitudinal ends
of the nanotube and a real, high one near the radial end)
to avoid unphysical behaviour of the wavepacket.

The flux operator has the form:

F̂ = i
h̄

[Ĥ, θ(z − z0)] (6)
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where θ(z) is a Heaviside step function corresponding
to the surface z = z0. The expectation value of the flux
operator corresponds to the temporal derivative of the
fraction of the wavepacket that has already exited from
the nanotube. Thus, its integral over time gives the total
probability of exit from the particular part of the nano-
tube and the sum of the two probabilities (for the two
sides) should give one. This has been checked to ensure
that no scaling errors occurred in the calculation.

2.1 The S matrix formalism

The quantum dynamics of the passage of an atom
through a nanotube (or, indeed, any cylindrical poten-
tial) can be most conveniently described by the S matrix
formalism widely used in molecular, atomic and nuclear
dynamics. The S matrix contains all information experi-
mentally obtainable for the process under study and thus
represents the ultimate scope of all quantum scattering
calculations.

In our context, the energy eigenfunctions describ-
ing the passage of an atom through a nanotube have
definite asymptotic forms at the two extremes of the
nanotube (henceforth termed the incoming extreme and
the outgoing extreme). It is assumed that, outside the
nanotube, the cylindrical symmetry of the potential is
retained in the form of an impenetrable cylindrical wall
around the atom but without the fine structure of the
nanotube. This serves to facilitate the calculation by
imposing well defined asymptotic conditions on the
wavefunction.

At the incoming extreme of the nanotube, the energy
eigenfunction has the form:

ψn,E(r, θ , z) = v
−1/2
n φn(r, θ)eiknz

−
∑

n′
v

−1/2
n′ SR

n,n′(E)φn′(r, θ)e−ikn′ z (7)

where φn is the n-th internal eigenstate of the particle,
assumed to be the initial one, k, v are, respectively, the
wavevector and the velocity and SR is the reflection S
matrix.

On the other hand, at the outgoing extreme of the
nanotube, the energy eigenfunction has the form:

ψn,E(r, θ , z) = −
∑

n′v−1/2
n′ ST

n,n′(E)φn′(r, θ)eikn′ z (8)

where now ST is the transmission S matrix element. The
square modulus of each S matrix element (generally
complex) gives the probability that the particle exits in
the particular state n′ and from the particular extreme
of the nanotube.

In order to evaluate the relevant S matrix elements,
at each point in the propagation the overlap integral
of our wavepacket with a suitably constructed (fixed)
product wavepacket is evaluated. There is one product
wavepacket for each exit state, which has the form:

χ ′
n′(r, θ , z) = φn′(r, θ)× χ(z) (9)

where φ is the energy eigenfunction (discrete) and χ an
outgoing Gaussian wavepacket. At the start of the cal-
culation, both overlap integrals of the initial wavepac-
ket with each energy dependent incoming wavefunction
and the product wavepackets with each outgoing energy
eigenfunctions are calculated:

cv,in(E) = 〈χv,in|φv,in(E)〉 (10)

cv′,out(E) = 〈χv′,out|φv′,out(E)〉 (11)

Thus, for each possible product state, a time depen-
dent overlap function is constructed (which, in principle,
is limited in time because of the dynamics of the prob-
lem). From this overlap function the S matrix element
can be constructed using a half-Fourier transform:

Sv,v′(E) =
∫ ∞

0 〈χv′,out|ei(E−Ĥ)t|χv,in〉dt

cv,in(E)cv′,out(E)
(12)

3 Computational details

3.1 Nanotube system and initial preparation

The nanotube where the propagation takes place is
essentially formulated as a cylindrical well (with a high
constant potential on the walls to prevent escape of the
H atom) where, for a certain length, carbon atoms are
placed in prespecified positions. The particular charac-
teristics of the nanotube are in Table 2.

The carbon atoms are arranged in annular layers con-
sisting of 20 atoms each. The layers are arranged longi-
tudinally according to an ABABAB... pattern, where
layer B is identical to layer A rotated by 18◦. The nano-
tube has been constructed so that the minimum of the
Lennard–Jones atom–atom potential used in this cal-
culation is approximately on the axis of the cylinder.
This is expected to permit an assessment of the dynam-
ical effects of the nanotube on the H atom, where the

Table 2 Nanotube dimensions (in bohr)

Radius Length Interlayer distance

7.2 8.0 2.0
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potential is neither too repulsive to prevent all longitudi-
nal motion nor too low to prevent all inelastic excitations
of the H atom.

The initial wavepacket is prepared in the energeti-
cally lowest state (ground state) corresponding to K = 0
and a radial quantum number v = 0. This way, the
amplitude is maximised around the centre of the cyl-
inder and there is no initial angular momentum com-
ponent (helicity) along the nanotube axis. This state
corresponds to an approximate zero point energy of
3.5E − 05 hartree. The longitudinal energy of the wave-
packet covers an approximate range between 0.01 and
0.03 hartree.

3.2 Wavepacket propagation

As is common with time dependent algorithms, the
wavepacket is represented on a discrete grid for all three
cylindrical polar coordinates. For the two coordinates z
and r, the grid points are equidistant and constitute a
basis set corresponding to a discrete variable represen-
tation complementary to the ‘sine’ finite basis repre-
sentation. Such a representation is legitimate since the
amplitude of the wavefunction is assumed to vanish at
sufficiently large distances from the axis (on the wall of
the cylinder) and at sufficiently large longitudinal dis-
tances (where the wavepacket has been absorbed long
before it has had time to reach). Such a representation
is very convenient from a computational point of view
since, as will be shown later, it facilitates considerably
the calculation of the translational and radial kinetic
energy terms.

At each point of the propagation, the Hamiltonian
of the system needs to operate on the wavepacket. The
potential energy part amounts to a simple multiplication
of the wavepacket at each grid point (corresponding to
a DVR function) with the value of the potential at this
point. The angular kinetic energy terms are evaluated at
each r and z coordinate values using a basis set transfor-
mation of the DVR angular functions to the ‘particle on
a ring’ eigenfunctions where the kinetic energy operator
is diagonal:

〈θ ′|T̂θ |θ〉 = 〈θ ′|K〉K2h̄2

2mr2 〈K|θ〉

= eiK(θ ′−θ)K2h̄2

2mr2 (13)

The translational (along the z coordinate) and the
radial (along the r coordinate) kinetic energy is eval-
uated using a two dimensional Fourier transform. By
multiplying the wavepacket by r1/2 (an operation anal-
ogous to the multiplication by r in three dimensions) we

reduce the kinetic energy term to:

T̂rz = − h̄2

2m

(
d2

dz2 + d2

dr2

)
(14)

i.e., a sum of second derivatives whose effect can be
calculated using a two-dimensional Fast Fourier Trans-
form algorithm.

Moreover, at each point of the propagation, the
overall flux of the wavepacket across the centre of
the product wavepacket is calculated by calculating the
expectation value of the flux operator mentioned in the
previous section. Apart from giving us an approximate
time-dependent picture of the transmission dynamics
(which is, in a sense, complementary to the energy
dependent S matrix elements), the time dependence of
the flux serves as an additional control measure of the
calculation, for example, as regards the absorption effi-
ciency of the optical potentials placed.

4 Results and Discussion

In Fig. 1 is shown the flux of the propagated wave-
packet across the centre of the product wavepacket
as a function of time. Because of the convention used
for the flux operator, its value is negative. As a result
of the normalisation of the wavepacket, and the fact
that the flux represents the outgoing square amplitude
of the wavepacket per unit time, its integral with re-
spect to time is equal to one. It can be seen that the flux
function reflects approximately the initial form of the
wavepacket, i.e., it is Gaussian. It is interesting that the
shape of the flux function is distorted from a perfactly
symmetric Gaussian, exhibiting a long tail at later times.
An explanation for this observation is the retarding ef-
fect of the atoms of the nanotube, which is expected
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Fig. 1 Outgoing flux of the wavepacket as a function of time
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to be larger on the low energy components of the wave-
packet (which are expected to arrive later at the product
wavepacket where analysis takes place). Nevertheless,
the maximum transmission amplitude across the prod-
uct wavepacket occurs at around 2000 atomic time units
and before 5,000 atomic time units it has practically de-
cayed to zero and the results are final.

In Fig. 2 are shown the probabilities (as a function
of longitudinal energy) that the wavepacket exits from
the nanotube in its initial state (which, in our case,
corresponds to zero quanta of radial excitation and a
zero component of longitudinal angular momentum). It
can be seen that, at all energies, the probability is very
close to one. This is an indication that the perturbation
caused by the interaction potential with the walls of the
nanotube is relatively minor and does not cause a sig-
nificant change in the state of the H atom.

In Fig. 3 are shown the probabilities for radial excita-
tion to the first, second and third radially excited states
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Fig. 2 Exit probability for the state v′ = 0, K = 0, i.e., the initial
state
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Fig. 3 As in Fig. 2, but for the states v′ = 1 (straight line), v′ = 2
(dashed) and v′ = 3 (dotted)

respectively. They are all of the order of 10−3 because
of the small interaction perturbation mentioned earlier.
However, some trends can be seen in the curves. In
particular, all of them are decreasing with increasing
longitudinal energy. A simple classical explanation can
be given for this trend. Namely, the more longitudinal
energy the wavepacket has, the faster it traverses the
length of the nanotube. As a result, the surrounding net
of carbon atoms has less time to exert its radial pertur-
bation on the travelling atom and hence there is less
radial excitation. It can also be seen that, at least at high
translational energies, there is more excitation to the
higher radial levels. The reason for this effect certainly
lies on the nature of the interaction potential, and in
particular on its radial dependence. The nanotube has
been so constructed that its centre coincides roughly
with the Lennard–Jones minimum of the C–H interac-
tion. Given the fact that the H atom experiences the
radial interaction from all directions, this amounts to a
potential which varies reasonably rapidly with the radius
(albeit of small overall magnitude). Such a variation of
the potential can explain the preference for higher radial
excitations.

In Fig. 4 the corresponding probabilities for angular
excitation are shown. It can be seen that, for all practical
purposes, these probabilities are zero (they are all of
the order of 10−20). As a result, it can be concluded
that the only effect of the nanotube on the H atom is
radial rather than angular excitation. The reason for this
specificity lies in the quasi-cylindrical symmetry of the
potential. In particular, even though the potential can
vary reasonably rapidly with the radial position of the
atom (which is the effect that causes radial excitation),
the angular dependence of the potential inside the nano-
tube can never be very high. Because of the fact that,
at each point along the nanotube, the potential has a

0,01 0,015 0,02 0,025 0,03

Longitudinal energy (hartree)

1,45e-20

1,5e-20

1,55e-20

1,6e-20

T
ra

ns
m

is
si

on
 p

ro
ba

bi
lit

y

K'=1
K'=2
K'=3

Fig. 4 As in Fig. 2, but for the states K′ = 1 (straight line), K′ = 2
(dashed) and K′ = 3 (dotted)
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C20 symmetry (by construction, since each ring of the
nanotube comprises 20 carbon atoms), it is expected,
on symmetry grounds alone, that, from K = 0, excita-
tions can only take place to K = 20. More generally,
if the nanotube exhibits a Cn symmetry, then angular
excitations can only take place between K and K ± n
(and also between the same values of K because of the
isotropic part of the potential). However, as K increases
in magnitude, so does the energy level corresponding
to the ground radial state for the particular value of
K (one can interpret this as the centrifugal potential
energy). Hence, if symmetry dictates a change of value
in K too high, a high perturbation would be needed to
induce transitions to even the lowest radial state. We
see, then, that, in the quasi-cylindrical environment of
the nanotube, radial excitations are much preferred to
angular ones.

Of course, the situation would be different for non-
zero initial values of K. In our case, for an initial value
of K = 10, the symmetry of the nanotube (as well as
the isotropic part) would permit transitions to K′ = 10
(itself) thus enhancing the exit probability for K′ = ±10
(both helicities). Further calculations are under way to
verify effects of this kind.

5 Conclusions

In this work exact quantum dynamics calculations have
been carried out for an H atom moving along a suitably
constructed carbon nanotube. It must be noted that the
nanotube was constructed so that the minimum of the
Lennard–Jones atom–atom potentials used was placed
in the centre of the cylinder. The scope was to assess,
both qualitatively and quantitatively, the effects of the
discrete nature of the nanotube potential on the cylin-
drical energy levels of the H atom. In particular, the
concepts of radial and angular excitations were invoked
(which correspond to bound degrees of freedom in a
cylindrical environment) to assess such effects.

It was found that, over a wide range of energies, the
H atom retained its initial state v = 0, K = 0 on trans-
mission across the nanotube. Moreover, all excitation

observed was of a radial as opposed to angular nature.
This effect was rationalised by taking into account the
quasi-cylindrical symmetry of the nanotube
potential. Whereas the radial variation of the poten-
tial made it possible to excite radial energy levels of the
atom, the discrete symmetry of the nanotube (dictated
by the angular disposition of the C atoms) effectively
forbade angular transitions and restricted the exit states
of the atom to K′ = 0. As mentioned in the text, how-
ever, this need not be the case for higher initial values
of K′ where angular excitation to nearby levels can be
enhanced by the potential.
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